An n-dimensional Borg–Levinson theorem for singular potentials  by Päivärinta, Lassi & Serov, Valery
Advances in Applied Mathematics 29 (2002) 509–520
www.academicpress.com
An n-dimensional Borg–Levinson theorem
for singular potentials
Lassi Päivärinta a and Valery Serov b,∗
a University of Oulu, Department of Mathematical Sciences, 90570 Linnanmaa, Oulu, Finland
b Moscow State University, Department of Computational Mathematics and Cybernetics,
Vorob’evy gory, 119899 Moscow, Russia
Received 20 May 2001; accepted 20 December 2001
Abstract
We prove in this paper that the boundary spectral data, i.e. the Dirichlet eigenvalues and
normal derivatives of the eigenfunctions at the boundary uniquely determines a potential
in Lp on bounded domains. This result generalizes the result of Nachman, Sylvester and
Uhlmann to unbounded potentials. This result can be viewed as a generalization of the
classical one-dimensional Borg–Levinson theorem.
 2002 Elsevier Science (USA). All rights reserved.
Introduction
Let Hq ≡−∆+q(x) be a Schrödinger operator in a bounded domainΩ ⊂Rn,
n  2, with smooth boundary ∂Ω. We suppose that the potential q(x) is a real-
valued function from Lp(Ω) for some p > n/2. It is well-known that there
exists a self-adjoint realization in L2(Ω) of this differential operator with the
homogeneous Dirichlet conditions at the boundary ∂Ω (Friedrichs extension).
The spectrum of this realization is a pure discrete, finite multiplicity and has an
accumulation point only at the +∞:
λ1  λ2  · · · λk  · · ·→+∞.
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The corresponding orthonormal eigenfunctions {ϕk(x)}∞k=1 form orthonormal
basis in L2(Ω). In this work we will establish the following theorem.
Theorem 0.1. Assume that q1(x), q2(x) ∈ Lp(Ω), p > n/2, n 2, and for each
k = 1,2, . . .
λk(q1)= λk(q2) (0.1)
and
∂ϕk
∂ν
(x;q1)= ∂ϕk
∂ν
(x;q2), x ∈ ∂Ω, (0.2)
where ∂/∂ν is outside normal derivative on ∂Ω. Then q1 = q2 in the sense of
Lp-space.
Nachmann et al. [9] proved this theorem for the potentials q(x) ∈ C∞(Ω).
Their proof remains however valid if one merely assumes that q(x) ∈ L∞(Ω).
The proof uses the convolution-type estimates of the Green’s function for the
Schrödinger operator in the weighted L2-spaces [15,16]. Finally, the problem
is reduced to the fact that the Dirichlet to Neumann map uniquely determines
such potentials [16]. The same result was received independently by Novikov
[10,11]. For related results for this problem see Isozaki [6], Serov [12], Belishev
and Kurylev [2] and Uhlmann [20]. For inverse boundary spectral problems on
Riemannian manifolds see the recent monograph of Kachalov et al. [7].
In this work we follow partly the techniques appearing in [9] but for the
singular potentials. As in [9] we reduce the problem to the Dirichlet to Neumann
map and use the result of Chanillo [3]. We point out that in [3] it was proved that a
Lp-potential p > n/2, n 3 is determined by it’s the Dirichlet to Neumann map
and the boundary spectral problem was not discussed. Since Chanillo work only in
dimension three and higher we need to work a little bit more in two-dimensional
case. The result reduces to the new Agmon’s type estimate for the solutions of the
Schrödinger equation.
Following the work of Isozaki [6] we prove that Theorem 0.1 remains true if
we suppose that the conditions (0.1) and (0.2) are fulfilled for all k = 1,2, . . . ,
except some finite number values of k.
Below we use the following notations. The space Wtp(Ω), t  0, 1 p ∞,
denotes the Lp-based Sobolev space in the domain Ω and the space Btp,ϑ (∂Ω),
t  0, 1 p, ϑ ∞, denotes the Besov space on the boundary of the domain Ω .
The space W˙ tp(Ω), t > 0, 1 p ∞, denotes the Sobolev space Wtp(Ω) of the
functions which are vanishing at the boundary ∂Ω .
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1. Dirichlet to Neumann map
Let λ sufficiently large positive number. For j = 1,2, consider the following
Dirichlet problem:
−uj(x)+
(
qj (x)+ λ
)
uj (x)= 0, x ∈Ω,
uj (x)|∂Ω = f (x), (1.1)
where qj (x) ∈ Lp(Ω) for some p > n/2 and f (x) ∈ Btp,p(∂Ω) for some t >
(n− 1)/p. It is well known (see [5, Remarks, pp. 209, 241, and Corollary 9.18,
p. 243]) that there exists a unique solution of (1.1) for j = 1,2, from the spaces
uj (x) ∈W 2p,loc(Ω)∩Wt+1/pp (Ω). (1.2)
Thus we may define the Dirichlet to Neumann map Λqj+λ by
Λqj+λf :=
∂uj
∂ν
∣∣∣∣
∂Ω
. (1.3)
The following lemma plays a crucial role in this work.
Lemma 1.1. Assume that q1(x) and q2(x) ∈ Lp(Ω) for some p > n/2, n  2,
and f (x) as in (1.1):
lim
λ→+∞‖Λq2+λf −Λq1+λf ‖Bδp,p(∂Ω) = 0 (1.4)
for any 0 < δ < 1− 1/p and p > n/2.
Proof. Let ω(x) := u1(x) − u2(x), where uj (x), j = 1,2, solves the problem
(1.1). Then ω solves the problem
(Hq1 + λ)ω(x)=
(
q2(x)− q1(x)
)
u2(x), x ∈Ω,
ω|∂Ω = 0. (1.5)
Denote by A the integral operator (−∆+ λ)−1q1 with zero boundary conditions
for the first argument of the kernel at ∂Ω . Then we may rewrite the boundary
value problem (1.5) in the sense of the integral equation as follows:
(I +A)ω(x)= F(x), (1.6)
where F(x) := (−∆+ λ)−1(q2 − q1)u2(x) and the boundary conditions for ω in
that case will be satisfied automatically. Due to the assumptions on the potentials
and embedding (1.2) we may conclude that the function F(x) ∈ W˙ 2p(Ω) and the
operator A is a compact in the space W˙ 2p(Ω). Thus, we have that I + A is a
Fredholm operator in this space. Since the operator Hq1 is a semibounded from
below for the potential q1 ∈ Lp(Ω), p > n/2, we may claim that for sufficiently
large λ > 0 the operator Hq1 + λ is a positive and therefore the boundary value
problem
512 L. Päivärinta, V. Serov / Advances in Applied Mathematics 29 (2002) 509–520
(Hq1 + λ)ω(x)= 0, x ∈Ω,
ω|∂Ω = 0
has only the trivial solution ω ≡ 0, so is the homogeneous equation which is
corresponded to (1.6). By Fredholm’s alternative the operator (I + A) has a
bounded inverse in the space W˙ 2p(Ω) and therefore the solution ω of Eq. (1.6)
satisfies
‖ω‖W 2p(Ω)  C‖F‖W 2p(Ω)  C
∥∥(q2 − q1)u2∥∥Lp(Ω). (1.7)
From this inequality and (1.5) it follows easily that∥∥(−∆+ λ)ω∥∥
Lp(Ω)
 C
∥∥(q2 − q1)u2∥∥Lp(Ω). (1.8)
It is very important to note that the constant C here does not depend on λ.
We apply now the result from [19, see inequality (5.46), p. 183] ) and obtain
for sufficiently large positive λ that∥∥(−∆+ λ)ω∥∥
Lp(Ω)
 Cλ‖ω‖Lp(Ω). (1.9)
By combining the inequalities (1.7)–(1.9) we may easily get the following
inequality:
‖ω‖Lp(Ω)  C
λ
∥∥(q2 − q1)u2∥∥Lp(Ω). (1.10)
The interpolation (1.7) and (1.10) leads us to the inequality
‖ω‖Wsp(Ω) 
C
λ1−s/2
‖q2 − q1‖Lp(Ω)‖u2‖Wt+1/pp (Ω), (1.11)
where 0 s  2 and t > (n− 1)/p. Thus, due to (1.11) and (1.3), we finally have
‖Λq2+λf −Λq1+λf ‖Bδp,p(∂Ω) =
∥∥∥∥∂ω∂ν
∣∣∣∣
∂Ω
∥∥∥∥
Bδp,p(∂Ω)
 ‖ω‖
W
δ+1+1/p
p (Ω)
 C
λ1/2−δ/2−1/(2p)
‖f ‖Btp,p(∂Ω),
where 0 < δ < 1− 1/p and t > (n− 1)/p. This proves the lemma. ✷
2. Estimates for the eigenfunctions
In this section we apply the techniques of the previous section to obtain
the estimates of the eigenfunctions ϕk(x) of the operator Hq with the potential
q(x) ∈Lp(Ω) in the Sobolev spaces Wtp(Ω) for 0 t  2 and p > n/2, n 2.
First we will rewrite the equation for the eigenfunctions ϕk(x) in the form
(Hq + λ)ϕk(x)= (λ+ λk)ϕk(x), x ∈Ω,
ϕk|∂Ω = 0, (2.1)
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where λ > 0 is sufficiently large.
Let now F0(x, y,λ) be the free-space fundamental solution of the operator
−∆+λ for the positive λ and n 3. It is well known (see [21]) that this function
F0 satisfies the following estimate:∣∣F0(x, y,λ)∣∣ Cn|x − y|2−n e−δ|x−y|λ1/2 (2.2)
with some positive constants δ and Cn and for all x, y ∈Rn and λ > 0.
As follows from [14, Theorem 4, p. 133] for the Green’s function G0(x, y,λ)
of the operator −∆ + λ in the domain Ω with the homogeneous boundary
conditions, the following estimate will be true:
0<G0(x, y,λ) < F0(x, y,λ),
for all x, y ∈ Ω and λ > 0. Thus, the estimate (2.2) will be true also for the
Green’s function G0(x, y,λ) for such x , y , and λ.
Let us denote now by Gq(x, y,λ) the Green’s function for the operator Hq +λ
in the domain Ω with the homogeneous boundary conditions. It is well known
that this function Gq(x, y,λ) is appearing as the kernel of the integral operator
(Hq +λ)−1 := Ĝq . In that case we may rewrite the boundary value problem (2.1)
as the following integral equation:
ϕk = (λ+ λk)Ĝqϕk. (2.3)
It is very important also that the function Gq(x, y,λ) satisfies the following
integral equation:
Gq(x, y,λ)=G0(x, y,λ)−
∫
Ω
G0(x, z, λ)q(z)Gq(z, y,λ)dz. (2.4)
Lemma 2.1. For sufficiently large positive λ and q(x) ∈Lp(Ω), p > n/2, n 3,∣∣Gq(x, y,λ)∣∣ Cnλ−ε/2|x − y|2−n−ε e−δ|x−y|λ1/2, (2.5)
where x and y ∈Ω , the constants Cn and δ are positive and independent of x , y ,
λ, and ε is an arbitrary small but fixed positive number.
Proof. It is clearly that we may obtain from the estimate (2.2) the following
estimate for the Green’s function G0(x, y,λ) for λ > 0:∣∣G0(x, y,λ)∣∣ C′nλ−ε/2|x − y|2−n−ε e−δ1|x−y|λ1/2, (2.6)
where C′n and δ1 are some positive constants and ε is arbitrary small but fixed
positive number. The latter estimate follows from the well-known inequality for
the exponential:
e−t < t−ε, 0 < ε < 1,
where t > 0.
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Due to this estimate for λ positive and large enough and for any potential q(x)
from Lp(Ω), p > n/2, we can solve integral equation (2.4) by the iterations (see,
for example, this procedure in [13]) and may obtain the same estimate (2.6) for
the Green’s function Gq(x, y,λ) as for the function G0(x, y,λ). Thus, the lemma
is proved. ✷
Remark. In fact, the inequality (2.5) is also true for the case n = 2 and for the
potentials q(x) ∈ Lp(Ω), p > 1. It easily follows from the estimate for the free-
space fundamental solution in this case (see [21]) and from the same techniques
as in Lemma 2.1.
Lemma 2.2. If q(x) ∈ Lp(Ω), p > n/2, n 2, then
‖ϕk‖Wtp(Ω)  Cλt/2+1+[n/4]k , (2.7)
where 0 t  2, p > n/2, and [r] denotes the entire part of r .
Proof. By applying the same arguments for the eigenfunctions ϕk(x) as in
the previous section and using the representation (2.3), we can obtain for any
p > n/2:
‖ϕk‖W 2p(Ω)  Cλk‖ϕk‖Lp(Ω), (2.8)
where the constant C does not depend on λk and ϕk(x).
We consider first the cases n= 2,3. Then for any p, n/2 < p  2, we get by
Hölder’s inequality that
‖ϕk‖Lp(Ω)  C. (2.9)
Further, by combining (2.8) and (2.9) and using Sobolev’s embedding theorem,
we conclude that function ϕk(x) belongs to L∞(Ω). That is why for any p > n/2
we have the estimate
‖ϕk‖Lp(Ω)  Cλk. (2.10)
In the case n 4, applying Lemma 2.1 and Haussdorff–Young’s inequality, we
can conclude that
‖ϕk‖Lp1 (Ω)  Cλk
∥∥|x|2−n−ε∥∥
Lp(Ω)
‖ϕk‖L2(Ω)  Cλk (2.11)
for 1/p1 = 1/p − 1/2 and p < n/(n − 2). By applying Haussdorff–Young’s
inequality again and by using (2.11), we have
‖ϕk‖Lp2 (Ω)  C
∥∥|x|2−n−ε∥∥
Lp(Ω)
‖ϕk‖Lp1 (Ω)  Cλ2k (2.12)
for p2 satisfying 1/p2 = 1/p1 − 1+ 1/p with p < n/(n− 2) and p1 as in (2.11).
We may continue this process while the integer j  n/4 and obtain the following
inequality:
‖ϕk‖Lpj (Ω)  Cλjk , (2.13)
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where pj satisfies
1/pj > 1/2− 2j/n.
The last inequality shows us that if we take j0 = [n/4], we may choose pj0 > n/2,
and it follows from (2.8) and (2.13) that
‖ϕk‖W 2pj0 (Ω)  Cλ
1+[n/4]
k .
Therefore, for any p > n/2, we obtain
‖ϕk‖Lp(Ω)  Cλ1+[n/4]k . (2.14)
Now by the interpolation (2.14) and (2.8) (or (2.10) and (2.8) for the cases
n= 2,3), we may obtain for any 0 t  2 and p > n/2, n 2:
‖ϕk‖Wtp(Ω)  Cλ1+t/2+[n/4]k ,
and the lemma is proved. ✷
Remark. In the cases n= 2,3,4, or 5, we do not need the previous techniques to
derive such estimate as in (2.7). Indeed, first we have the following estimates for
the potential q(x) ∈Lp(Ω),p > n/2, and the eigenfunctions ϕk(x) (see [4]):∣∣(qϕk,ϕk)∣∣ ε‖ϕk‖2W 12 (Ω) +C(ε),
where 0 < ε < 1 and C(ε) is a positive constant. We may conclude now from
Eq. (2.1) that
‖ϕk‖W 12 (Ω)  Cλ
1/2
k . (2.15)
By using Sobolev’s imbedding theorem, we obtain from (2.15):
‖ϕk‖Lr(Ω)  Cλ1/2k ,
where r = 2n/(n− 2) for n 3 and r <∞ for n= 2. But 2n/(n− 2) > n/2 for
n= 3,4, or 5. Therefore, we have as above for any p > n/2, n 2, that
‖ϕk‖Lp(Ω)  Cλ3/2k .
The interpolation of this inequality and the inequality (2.8) leads us to the
inequality
‖ϕk‖Wtp(Ω)  Cλt/2+3/2k , (2.16)
where 0 t  2 and any p > n/2, n= 2,3,4,5.
The next lemma shows us the representation for the kernel of the integral
operator Λq+λ.
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Lemma 2.3. For m sufficiently large and f ∈Btp,p(∂Ω), t > (n−1)/p, p > n/2,
n 2,(
d
dλ
)m
Λq+λf (x)=
∫
∂Ω
em(x, y,λ)f (y)dσ(y), (2.17)
where the function em is defined by
em(x, y,λ)= (−1)mm!
∞∑
k=1
∂ϕk
∂ν
(x)
∂ϕk
∂ν
(y)
(λk + λ)m+1 , (2.18)
and the right-hand side is converging in Lp(∂Ω × ∂Ω).
Proof. By using the same arguments as in Lemma 3.1 of [9], we formally
obtain (2.17) and (2.18). Lemma 2.3 will be proved if we show the convergence
of the series (2.18) in Lp(∂Ω × ∂Ω). To this end, the inequality (2.7) from
Lemma 2.2 and Sobolev’s imbedding theorem allow us to conclude that, for any
0 < δ  1− 1/p,∥∥∥∥∂ϕk∂ν
∥∥∥∥
Lp(∂Ω)
 C‖ϕk‖Bδ+1p,p (∂Ω)  C‖ϕk‖Wδ+1+1/pp (Ω)
 Cλ3/2+δ/2+1/(2p)+[n/4]k .
By taking m sufficiently large, we have∥∥∥∥
∫
∂Ω
em(x, y,λ)f (y)dσ(y)
∥∥∥∥
Lp(∂Ω)
 C
∞∑
k=1
‖ ∂ϕk
∂ν
‖2Lp(∂Ω)
(λk + λ)m+1 ‖f ‖Lp′(∂Ω)
 C
∞∑
k=1
λ
3+1/p+δ+2[n/4]
k
(λk + λ)m+1 ‖f ‖Btp,p(∂Ω)
< ∞,
where t > (n− 1)/p and p > n/2, and lemma is proved. ✷
Remark. If we assume that the potential q(x) belongs to Lp(Ω) then for p > n
we can prove that the series (2.18) converges uniformly in Ω × Ω , i.e., the
function em(x, y,λ) is a continuous in Ω × Ω .
3. Proof of Theorem 0.1
From the conditions (0.1), (0.2), and Lemma 2.3 it follows that(
d
dλ
)m(
Λq1+λf (x)−Λq2+λf (x)
)= 0
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for f ∈Btp,p(∂Ω) with t > (n− 1)/p and p > n/2. This equation reads as
Λq1+λ −Λq2+λ =
m−1∑
j=0
λjAj , (3.1)
where Aj are bounded operators from Btp,p(∂Ω) to Lp(∂Ω). But Lemma 1.1
implies that the polynomial in the right-hand side of (3.1) is zero. Hence, Λq1+λ =
Λq2+λ for any λ large enough. Thus by Chanillo’s result we are through in the case
n 3.
For n= 2 we argue similarly as in [9]. We need a new estimate for the operator
K := |q|1/2(−− k2 − i0)−1|q|−1/2q
where the potential q(x) belongs to the weighted Lp-space
L
p
δ
(
R
2)= {f ∈Lploc(R2):
(∫
R2
(
1+ |x|)pδ∣∣f (x)∣∣p dx)1/p <∞}.
Proposition 3.1. Assume that q(x) ∈ Lpδ (R2) ∩ L1(R2), where δ > 1 − 3/(2p)for p > 3/2 and δ = 0 for 1 <p  3/2. Then
‖K‖L2→L2 
C
|k|α , (3.2)
where α = 1− 1/(2p) for p > 3/2 and α = 2(1− 1/p) for 1 <p  3/2.
Proof. The result follows easily by interpolation from the well-known results of
Agmon [1] and Kenig et al. [8]. ✷
Note that in the case of compactly supported potentials, the result in Proposi-
tion 3.1 implies that for q(x) ∈Lpcomp(R2), p > 1,
lim|k|→+∞‖K‖L2→L2 = 0.
From this it follows readily that for λ large enough there is a unique solution u of
the equation
−u+ qu− λu= 0
of the form
u(x, k)= ei(k,x)+Ψ (k, x)
with k, x ∈R2, (k, k)= λ, and∥∥|q|1/2Ψ ∥∥
L2 
C
λα/2
‖q‖1/2
L1
,
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with α as in (3.2). Now, the claim follows as in Theorem 1.5 in [9]. Thus,
Theorem 0.1 is proved.
Following [6], we may consider Born approximation for this problem. For
ϑ,ϑ ′ ∈ Sn−1 and for λ /∈ R+ we define the function
S(λ,ϑ ′, ϑ)=
∫
∂Ω
(
Λq−λ eiλ
1/2(ϑ ′,x)) e−iλ1/2(ϑ,x) dσ(x), (3.3)
where Λq−λ is the Dirichlet to Neumann map (1.3) and λ1/2 is chosen with the
positive imaginary part.
Theorem 3.1. Under the assumptions for q(x) as in Theorem 0.1, for any ξ ∈Rn
there exist sequences λk /∈R+, ϑ ′k , and ϑk ∈ Sn−1 such that
lim
k→+∞S
(
λk,ϑ
′
k,ϑk
)=−|ξ |2
2
F(χΩ)(ξ)+F(q)(ξ), (3.4)
where χΩ is a characteristic function of the domain Ω and F is the usual Fourier
transform in Rn.
Proof. As in [6] we may obtain that for the function S(λ,ϑ ′, ϑ) from (3.3) and
for the potential q(x) ∈Lp(Ω), p > n/2,
S
(
λk,ϑ
′
k,ϑk
) = −λk
2
(
ϑ ′k − ϑk
)2 ∫
Ω
e−iλ
1/2
k (ϑk−ϑ ′k ,x) dx
+
∫
Ω
e−iλ
1/2
k (ϑk−ϑ ′k ,x)q(x)dx
− (Ĝq(q eiλ1/2k (ϑ ′k,x)), q eiλ1/2k (ϑk,x))L2(Ω), (3.5)
where Ĝq = (Hq − λk)−1 is the resolvent of the operator Hq in L2(Ω). Now for
every ξ ∈Rn we take λk , ϑ ′k , ϑk such that
λk = k2 − 1+ i2k, ϑk = ckη+ ξ2k , ϑ
′
k = ckη−
ξ
2k
, (3.6)
where η ⊥ ξ , |η| = 1, and ck = (1 − |ξ |2/(4k2))1/2. Letting k →+∞ we may
conclude from (3.5) that the equality (3.4) will be valid if we prove that for every
function g ∈Lp(Ω), p > n/2:(
Ĝqg, g
)
L2(Ω)→ 0 (3.7)
for Imλ → +∞. Since for g(x) ∈ L2(Ω) this is a well-known fact from the
spectral theory for the self-adjoint operator in the Hilbert space L2, we need only
to consider the case n= 2,3 and n/2 <p  2. The point is that the estimate (2.2)
(and with known modifications for n= 2) is also true (see [21]) for λk as we had
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in (3.6). There is only one thing to keep in our mind: in this estimate instead of λ
must stand |λ|. That is why we may conclude the latter fact (3.7) is true also for
this cases. Thus, Theorem 3.1 is proved. ✷
Remark. Due to the techniques of the Sections 2 and 3 and known estimates
for the Green–Faddeev’s function (see [12]), we may prove the result about the
reconstruction of singularities of the potential from Lp for some p (see [12])
in two-dimensional case for the fixed energy Dirichlet to Neumann map. More
precisely we can prove the following fact (for the simplicity, we formulate the
corresponding two-dimensional theorem just for a L2-potential).
Theorem 3.2. Assume that q1, q2 ∈ L2(Ω),Λq1 =Λq2 , and λ= 0 is not a Dirich-
let eigenvalue. Then
q1(x)= q2(x) modHt
(
R
2)
for any t < 1.
We are leaving this theorem without proof and we refer to the articles of Sun
and Uhlmann [17,18].
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